Abstract. In this paper we introduce in study a new class of complex Finsler spaces, namely the complex Randers spaces, for which the fundamental metric tensor and the Chern-Finsler connection are determined. A special approach is devoted to Kähler-Randers metrics. Using the length arc parametrization for the extremal curves of the Euler-Lagrange equations we obtain a complex nonlinear connections of Lorentz type in a complex Randers space.
Introduction
The real Randers metrics were first introduced by G. Randers in the context of general relativity and they were applied to the theory of the electron microscope by R. Ingarden [11] . The importance of real Randers spaces is also pointed out in [6] and the obtained results are remarkable. Recently, it was shown that the real Randers metrics are solutions to Zermelo's navigation problem ( [8] ) and the classification of real Randers metrics of constant flag curvature was finally completed ( [6, 8, 21, 13] ).
As compared to the real case, in complex Finsler geometry there are not so many known classes of complex Finsler metrics. Besides the significant Kobayashi and Caratheodory metrics (see [1] ), which quickened the study of such Finsler geometry, we know two rather trivial classes of complex Finsler metrics: the complex Finsler metrics which come from Hermitian metrics on the base manifold (the purely Hermitian metrics in [15] ), and the locally Minkowski complex metrics. Therefore, any new class of complex Finsler spaces with some meaning in both theory and applications is welcome.
In the present paper, we have three goals. The first goal is to introduce the complex Randers metrics, i.e., complex metrics constructed from just two pieces of familiar data: a purely Hermitian metric and a differential (1, 0)-form, both globally defined on an underlying complex manifold. We show that the complex Randers metric thus built is a complex Finsler metric (Theorem 2.1). We determine the fundamental metric tensor of a complex Randers space (Proposition 2.1), its inverse and determinant, (Proposition 2.3). Moreover, a complex Randers metric also produces another invertible d-tensor, (Proposition 2.4). By deformation of some purely Hermitian metrics we obtain examples of complex Randers metric.
The second goal is to find the conditions such that a complex Randers space is weakly Kähler or moreover, strongly Kähler. A special attention is devoted to a class of complex Randers metrics with an additional assumption. We find a necessary and sufficient condition that such a complex Randers metric should be weakly Kähler (Proposition 3.1) and also some outcomes about strongly Kähler-Randers metrics, (Propositions 3.2, 3.3). At the end of Section 3 our results are applied to some examples, better illustrating the interest for this work.
Our third goal is the study of the variational problem for the Lagrangian of a complex Randers space. This approach is somewhat different than the classical one known in complex Finsler spaces ( [17, 15] ). As in the real case, [14] , using the canonical parametrization for the extremal curves of the EulerLagrange equations, we obtain the Lorentz equations of a complex Randers space and from these a complex nonlinear connection of Lorentz type is deduced (Proposition 4.3).
The study that we made in this paper often contains computational arguments (cf. real case), some of which are presented in detail here while in other cases we resumed to only sketching the essential ideas. In our view, the effort to decipher these computations is rewarded by the fact that this paper offers a new interesting class of complex Finsler spaces.
A first draft of this paper was presented at Nat. Sem. on Finsler, Lagrange and Hamilton spaces, Braşov, Sept., 2006. A short outline of these results will be found in the Seminar's volume and some ideas were already cited by B. Chen and Y. Shen in a recent work ( [9] ). The present paper completes and clarifies better the idea of complex Randers space. Moreover, we hope that this class of metrics will offer a geometrical model, especially for quantum physics theories.
In the following, let us briefly set the basic notions which are needed; for more information see [1, 15] .
Let M be a complex manifold, dim C M = n. The complexified of the real tangent bundle T C M splits into the sum of holomorphic tangent bundle T M and its conjugate T M . The bundle T M is in its turn a complex manifold, the local coordinates in a chart will be denoted by u = (z k , η k ) and these are changed by the rules: 
Further, in a complex Finsler space a Hermitian connection of (1, 0)-type has a special meaning, named in [1] the Chern-Finsler connection. In notations from [15] 
and locally it has the following expression (see [3] )
More informations can be found in [1, 2, 3, 15, 18] .
Complex Randers spaces
Following the ideas from real case, [6, 8, 21, 13] , we shall introduce a new class of complex Finsler metrics. We consider
• a := a ij (z)dz i ⊗ dz j be a purely Hermitian positive metric and
i be a differential (1, 0)-form. By these objects we define the function F on T M
By analogy with the real case, we call the function from (2.1) the complex Randers metric and the pair (M, α + |β|) a complex Randers space. Such a metric is only quoted as an example of complex Finsler metric in [10, 20] .
Our goal in the sequel is to find the circumstances in which the function 
for any λ ∈ C, and so the homogeneity property implies ∂α
where
The main issue that needs to be checked is the strongly pseudoconvexity of the complex Randers function. First we shall determine the fundamental tensor of the complex Randers space (M, α + |β|), i.e., g ij = ∂ 2 (α + |β|) 2 / ∂η i ∂η j . For this, let us consider the settings
where l i := a ijη j and (aj i ) is the Hermitian inverse of (a ij ) matrix.
Proposition 2.1. The fundamental metric tensor of the complex Randers metric F := α + |β| is given by
∂η i ∂η j and (2.3), we deduce (2.4). The next goal is to find the formulas for the determinant and the inverse of the fundamental tensor g ij . The solution is obtained by adapting Proposition 11.2.1, p. 287 from [6] for an arbitrary non-singular Hermitian matrix (Q ij ). The result is, Proposition 2.2. Suppose:
invertible and in this case its inverse is Hj
i = Qj i ∓ 1 1±C 2 C i Cj.
Proposition 2.3. For the complex Randers metric
Proof. To prove the claims we apply the above Proposition in a recursive algorithm in three steps. We write g ij from (2.4) in the form:
1) In the first step, we set Q ij := a ij and
By applying the Proposition 2.2 we obtain this time:
and
It results that the inverse of
j , and
3) Finally we put
From here, we obtain
By Proposition 2.2 it results that the inverse of
H ij = a ij − 1 2α 2 l i lj + α 2|β| b i bj + α 2LF η i ηj is Hj i = aj i + 1 α 2 η iηj − α 2 γ b i +β α 2 η i b j + β α 2η j − 1 αF η iηj and det a ij − 1 2α 2 l i lj + α 2|β| b i bj + α 2LF η i ηj = 2 det a ij − 1 2α 2 l i lj + α 2|β| b i bj = γ 2α|β| det a ij . But, g ij = F α H ij , with H ij from 3). Thus, gj i = α F Hj i and det g ij = F α n det H ij . From here,
immediately results i) and ii).
Having the formula for det g ij , we can say that g ij (z, η) is positive definite if and only if γ > 0 at each nonzero η in T z M. So we have proved: all (z, η) ∈ T M \{0}. The last assumption is required in [20] and
where 
For example, F −1 is of negative holomorphic curvature
Further we show that the complex Randers metric F := α + |β| offers a significant d-tensor with fairly many properties. Let us consider (2.7)
We call (2.7) the complex angular metric tensor of the space. A direct computation yields
ii) (k ij ) is invertible and its inverse is
The proof is straightforward, applying Proposition 2.2.
Once obtained the metric tensor of a complex Randers space, it is a technical computation to get the expression of (1.1) Chern-Finsler connection. Certainly, it involves a lot of trivial calculus and for this reason we will not dwell too much on it. Computational details can be found in [5] .
The first computation refers to the coefficients of the Chern-Finsler (c.n.c. 
An expanded writing for these coefficients is
We remark that a complex Finsler metric is purely Hermitian if and only if
C k = 0. For a complex Randers metric, C k = 0 leads to F = α(1 + ||b||) and a ij ||b|| 2 = b i bj. Thus, we have proved:
Colorallary 2.1. A complex Randers metric is purely Hermitian if and only if a ij ||b||
2 = b i bj.
For the horizontal coefficients
∂η j of the Chern-Finsler connection, and for the (1.2) holomorphic curvature of the complex Randers spaces (M, α+ |β|) in direction η, the calculus are a bit intricate and can be found in [5] , and therefore here we pass over these.
Up to this point the above discussions are in some analogies with the real Randers case. Indeed the study of some geometrical aspects on complex Randers metrics is of interest.
Kähler-Randers metrics
When trying to show more geometrical properties of complex Randers metrics, we face the fact that there are so many computations. Certainly, one should not infer that this class of complex Finsler metrics is less significant. On the contrary, beyond the computations in the sequel we show that there are interesting results. .4), immediately results the equivalence between i) and ii). ii) ⇐⇒ iii). Given ii), deriving it with respect toη, we obtain ||b|| 2 ∂bs ∂z i = bs ∂bm ∂z i bm. Using again ii) we obtain iii). Conversely, contracting iii) by bs it results ii).
ii) ⇐⇒ iv). Now, deriving the relation (3.1) with respect toη and contracting it by bm we deduce (3.5) ||b||
and the equivalence between assumptions ii) and iv) is trivial. So, the proof is complete. 
Proof. By Proposition 3.2, we have
Finally, we depict some examples which illustrate our theory.
the Bergman metric on the unit disk ∆ n := {z ∈ C n , |z| < 1} which is a Kähler-purely Hermitian metric, of holomorphic curvature −4. In order to obtain an example of strongly Kähler-Randers metric, we must to solve the system of differential equations
that is the assumptions i) from Lemma 3.1. A straightforward computation, using ||b||
So, we obtain two cases:
This means that the Randers metric is F = α + |β| = α(1 + ||b||), and hence the space is with purely Hermitian metric, or b) b i z i = 0 which leads to a strongly Kähler-Randers metric F = α + |β| on ∆ n with properties
Example 3.2. Now, we give an example of complex Randers space of complex dimension two. In order to reduce clutter, let us relabel the local coordinates
be the Hartogs triangle with the Kähler-purely Hermitian metric
By a direct computation, we deduce
and the coefficients of the Chern-Finsler (c.n.c.) are
Thus we have another example of strongly Kähler-Randers metric. It is a complex Finsler metric on Hartogs triangle and its holomorphic curvature is negative,
The variational problem
The variational problem for a complex Lagrangian L = F 2 , with its fun- [15, p. 94] , to a complex geodesic curve, which is an horizontal curve in weakly Kähler circumstances. On the other hand this complex geodesic determines two complex nonlinear connections depending only on the complex Lagrangian L, one is the Cartan (c.n.c.) and the other is the Chern-Lagrange (c.n.c.) (in particular ChernFinsler (c.n.c.)), both related to the same complex spray. The Chern-Finsler (c.n.c.) is precisely determined when we try to lift a Hermitian vertical connection to the whole complexified tangent bundle of T M manifold (good vertical connection in [1] ). Certainly, the Chern-Finsler (c.n.c.) has its geometrical meaning but from a physical point of view, and note that complex Lagrange geometry is a model for many quantum physics theories ( [15] ), we should not loose interest in other (c.n.c.) intrinsically related to the variational problem for a complex Randers Lagrangian.
Following some ideas from the real case ( [14] ), we shall study the variational problem for the Lagrangian L = F 2 = (α + |β|) 2 in the canonical parametrization of a curve on complex manifold M with respect to the purely Hermitian structure α. The outcome is a (c.n.c.) of Lorentz type in the canonical parametrization.
Let us consider c(t), t ∈ R, a C ∞ curve on complex manifold M and 
where L is considered along the curve c on T M. Generally, the solutions of the Euler-Lagrange equations are extremal curves which respect to arc length. Proof. First, taking into account that L = (α + |β|) 2 depends on the parameter t ∈ R by means of z k (t), η k (t) and theirs conjugates, we have
Then, from the homogeneity of Finsler function we have Let us develop the calculus in (4.1) for L = (α + |β|) 2 :
along the extremal curve c on T M, in view of Proposition 2.1. 
By analogy with the real case, [14] , we call the equations (4.4) the Lorentz equations of the complex Randers space (M, α + |β|).
Next, let us compute E i (α 2 ) and E i (|β| 2 ) in the canonical parametrization. First of all, the condition We note that (4.10) can be rewritten in the form In this note we made an approach for the main tools in the geometry of complex Randers spaces. The matter is far from being exhausted. It was not our goal here to study complex Randers spaces with constant holomorphic curvature or the Zermelo navigation problem ( [8] ), to give some examples. It is hoped that the complex Randers spaces will enrich the complex Finsler geometry, bringing forward new interesting questions. It is not lost of interest the study of complex Kropina spaces, or a general study for complex (α, β)-metrics.
